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ASAI CUBE L-FUNCTIONS AND
THE LOCAL LANGLANDS CORRESPONDENCE
GUY HENNIART AND LUIS LOMELÍ
Abstract. Let F be a non-archimedean locally compact field. We study a
class of Langlands-Shahidi pairs (H,L), consisting of a quasi-split connected
reductive group H over F and a Levi subgroup L which is closely related to a
product of restriction of scalars of GL1’s or GL2’s. We prove the compatibility
of the resulting local factors with the Langlands correspondence. In particular,
let E be a cubic separable extension of F . We consider a simply connected
quasi-split semisimple group H over F of type D4, with triality corresponding
to E, and let L be its Levi subgroup with derived group ResE/FSL2. In this
way we obtain Asai cube local factors attached to irreducible smooth represen-
tations of GL2(E); we prove that they are Weil-Deligne factors obtained via
the local Langlands correspondence for GL2(E) and tensor induction from E
to F . A consequence is that Asai cube γ- and ε-factors become stable under
twists by highly ramified characters.
1. Introduction
1.1. Let F be a non-archimedean locally compact field. Let G be a quasi-split
connected reductive group over F , and let r be a complex representation of the
Langlands dual group LG of G. For interesting choices of G and r, the Langlands-
Shahidi method attaches a γ-factor γ(s, π, r, ψ) to a smooth non-trivial character
ψ of F and an irreducible smooth generic representation π of G(F ).
Let WF denote the absolute Weil group of F , and W ′F its Weil-Deligne group.
The local Langlands correspondence –still mostly conjectural– associates to π a
Langlands parameter φpi : W ′F →
LG. Whenever such a correspondence is estab-
lished for G, we should have the following main equality:
(1.1) γ(s, π, r, ψ) = γ(s, r ◦ φpi, ψ),
where the γ-factors on the right are the ones defined by Langlands and Deligne.
1.2. A noteworthy example arises from a trio (G,H,L) of quasi-split groups such
that: G is the restriction of scalars ResE/FGL2, where E is a cubic separable
extension of F , so that G = G(F ) = GL2(E); H is an ambient quasi-split group
(over F ) semisimple and simply connected of type D4, with triality corresponding
to E/F (see § 5); and L is the maximal Levi subgroup of H obtained by removing
the central root α2 from the Dynkin diagram of H:
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•α1
•
α4
•
α3
• α2
Writing L = L(F ), there is a natural homomorphism of L-groups Lι : LG → LL,
and a corresponding homomorphism ι : L → G. We use the Langlands-Shahidi
method (see [51] and [41]), applied to the pair (H,L) to produce γ-factors for G.
More precisely, the adjoint action of LL on the Lie algebra of the unipotent radical
of the parabolic LP of LH with Levi LL produces an 8-dimensional representation
rA of LL. The Langlands-Shahidi method gives a γ-factor γ(s, τ, rA, ψ) for any
irreducible smooth generic representation τ of L. If π is an irreducible smooth
generic representation of G, we define Asai cube γ-factors for π by setting
(1.2) γ(s, π,⊗I, ψ) := γ(s, τ, rA, ψ),
where τ is a (generic) irreducible component of π ◦ ι.
1.3. For GL2, the local Langlands correspondence was established in [33], see also
the more detailed account of [5]. Let π be as above, and let σ be the corresponding
degree 2 representation of the Weil-Deligne groupW ′E of E. Then, W
′
E can be seen
as an index 3 subgroup ofW ′F , and we let
⊗I(σ) be the 8-dimensional representation
of W ′F obtained from σ by tensor induction from W
′
E to W
′
F . The main equality
in this case takes the form:
(1.3) γ(s, π,⊗I, ψ) = γ(s,⊗I(σ), ψ).
We establish it in § 3. Prasad and Schulze-Pillot posed the question of equality
between Langlands-Shahidi ε-factors with those on the Galois side [44]; in § 4 we
extend equality (1.3) to non-generic π and derive equality for L-functions and ε-
factors:
L(s, π,⊗I) = L(s,⊗I(σ))(1.4)
ε(s, π,⊗I, ψ) = ε(s,⊗I(σ), ψ).
As a consequence of (1.3), we also prove stability of Asai cube γ-factors after
twisting by a suitably highly ramified character in § 4.3.
1.4. Remark. An analogous γ-factor can be defined via the integral representation
of Garrett [15], and also Piatetski-Shapiro and Rallis [42]. This approach can be
very helpful in determining the location of poles and non-zero regions, see the work
of Ikeda, e.g. [27]. We do not address the question of equality of those factors with
ours.
1.5. The proof of (1.3) is local-global in nature, and its principle is well known: by
the multiplicativity property of γ-factors, one reduces to the case where π is super-
cuspidal. And if so, one uses instances where the global Langlands correspondence
for GL2 has been established [28, 35, 56] –more details in § 1.8 and a full proof in
§ 3.
The idea of a local to global argument goes back to the early days of class field
theory; in the context of Langlands correspondences it has been used repeatedly
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since the 1970’s. In situations closely related to ours, it was used by H. Kim in
[31] to establish the main equality (1.1) for a triple product of representations
of GL2(F ), and by M. Krishnamurthy in [32] for a product π × Π, where π is a
representation of GL2(F ) and Π of GL2(E), E/F quadratic. Specifically, we use the
remark by Weil that local Galois groups are solvable [58]; that idea was used again
by Ramakrishnan in [45]. A local-global method was used when F has positive
characteristic in recent work of the authors [13, 23, 24, 25].
1.6. In the global situation, we use a cubic separable extension l/k of global fields,
and we have to consider the algebra kv ⊗k l for all places v of k. Since such an
algebra is not necessarily a field, we are forced to consider other γ-factors than the
Asai cube ones, in particular, those of [31] and [32] mentioned above. Rather than
relying on those specific instances, however, we prove in one swoop a more general
result. Namely, Theorem 1.1 below, which illustrates the full extent of the method.
We say that a connected reductive group G is of GLn-kind if G is isomorphic to
a product G1×· · ·×Gt, where for each i we have Gi = Resli/kGLni , ni ≤ n. Here,
Resli/kGLni denotes restriction of scalars with respect to a separable extension li
over a base field k.
The Langlands-Shahidi method applies to a pair of quasi-split connected reduc-
tive groups (H,L) such that there is a parabolic subgroup P of the ambient group
H, with Levi component L. The unipotent radical of P is denoted byN and has Lie
algebra n. Let ρ be an irreducible component of the adjoint representation of LL
on Ln. We then say that a representation r of LG is an LS-representation if there
is such a pair (H,L) and an L-map Lι : LG→ LL, inducing a separable isogeny on
derived groups, such that r = ρ◦Lι. Then, the Langlands-Shahidi method attaches
a γ-factor γ(s, π, r, ψ) to any generic irreducible smooth representation π of G –the
γ-factor depends only on r, not on the way r is written ρ ◦ Lι for some ι.
Theorem 1.1. Let r be an LS-representation of LG for a group G of GL2-kind. Let
π be a smooth irreducible generic representation of G, and let φpi be its Langlands
parameter. Let ψ : F → C× be a non-trivial character. Then
γ(s, π, r, ψ) = γ(s, r ◦ φpi, ψ).
Equality (1.3) is a special case. The proof of Theorem 1.1 occurs in § 3; its
application to the Asai cube factors is found in § 5.
1.7. Remark. Compatibility with the local Langlands correspondence, i.e. equal-
ity (1.1), can be stated for all LS-representations of groups of GLn-kind, since the
local Langlands correspondence is known for GLn [34, 37, 17, 20, 47]. Equality (1.1)
holds for the Rankin-Selberg γ-factors γ(s, π1 × π2, ψ), essentially by definition of
the local Langlands correspondence. Another case occurs when G = GLn(F ) and
r is the exterior square or the symmetric square representation of LG. In that
case, for a local field F of characteristic zero, (1.1) was proved up to a root of
unity in [22] and equality in [7]; when F has positive characteristic, exact equality
was proved in [23] (and twisted exterior square or symmetric square γ-factors, for
G = GLn(F ) × F
×, were treated in [14]). Sill another case is when G = GLn(E),
E/F quadratic separable, and r gives quadratic Asai γ-factors: for F of charac-
teristic zero, see [22] for equality up to a root of unity and work in progress of D.
Shankman, adapting [7] for true equality; for F of characteristic p, [25] establishes
equality (1.1).
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In fact, when F has positive characteristic, the method of [23, 24, 25] was gener-
alized by Gan and Lomelí in [13], yielding (1.1) for LS representations of GLn-type;
so when F has positive characteristic, Theorem 1.1 is in fact a consequence of [13].
Nonetheless, in § 3.6 we indicate how to adapt [23] and [25] to the present situation,
as it gives a more direct proof than [13].
1.8. For the benefit of the reader, we now explain the local-global argument in
the proof of (1.3) (for the Asai cube factors), when F has characteristic zero. The
general case of Theorem 1.1 is fully proved in § 3, using a similar pattern.
Let k be a number field. The principal obstacle is the lack of a complete Lang-
lands correspondence for GL(2) over k, so we need to use the partial results available
in that direction. More precisely, as in the positive characteristic case, we use a
list of properties of the γ-factors γ(s, π, r, ψ). All but one of these properties are
local, and the corresponding properties for γ(s, r ◦ φpi , ψ) are easy to prove. One
of these properties, namely multiplicativity, concerns the case where π is a com-
ponent of a representation IndGP ρ induced from a proper parabolic subgroup of G.
Multiplicativity and an inductive argument help us reduce the proof of (1.3) to the
case where π is cuspidal.
To treat the cuspidal case, our tool is the global functional equation, which we
now describe in the Asai cube case. Let l be a cubic extension of k, and Π a
cuspidal automorphic representation of G(Ak) = GL2(Al) where G = Resl/kGL2.
Then for each place v of k, Πv is a generic irreducible representation of Gv =
G(kv) = GL2(kv ⊗k l), so that the Langlands-Shahidi method produces γ-factors
γ(s,Πv,
⊗I,Ψv) for any non-trivial character Ψ of k\Ak. The global functional
equation is
(1.5) LS(s, π,⊗I) =
∏
v∈S
γ(s,Πv,
⊗I,Ψv)L
S(1− s, Π˜,⊗I),
where S is a finite set of places of k, containing the infinite ones, such that l/k, Π
and Ψ are unramified for v /∈ S, and LS denotes the product of (unramified) local
L-functions ranging over all v /∈ S –which by construction will be compatible with
Galois L-functions. Also, Π˜ is the representation contragredient to Π.
The proof of (1.3) then proceeds as follows for π cuspidal. We choose a cubic
extension of number fields l/k, with a place v0 giving the local extension E/F , and
a cuspidal automorphic representation Π as above, giving π at v0. We assume that
ψ is the component at v0 of a global additive character Ψ (local properties later
allow us to derive the case where ψ is arbitrary). We apply the functional equation
to Π. The set S not only has to contain v0, but we also need to adjust the global
situation so that at places in S, different from v0, equality (1.3) is valid. The case of
Archimedean places comes from Shahidi [49, 51], but at a finite place v ∈ S\{v0} we
need to assume that Πv is somewhat less complicated than π, for example, Πv not
cuspidal or a level zero cuspidal. As mentioned before, that procedure necessarily
yields situations which are not giving rise to Asai cube factors. For example, at a
finite place distinct from v0 the extension l/k may be split or partially split; the
former case requires a triple Rankin-Selberg product and the latter a quadratic Asai
γ-factor. This explains why we consider the more general result of Theorem 1.1,
which also has intrinsic interest.
The main problem, however, is to get a corresponding functional equation on
the Galois side. While over function fields the functional equation for L-functions
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of ℓ-adic Galois representations is a consequence of results of Deligne and Laumon,
over number fields it is available only for complex representations of Weil groups.
Only if Π corresponds to a complex representation Σ of the Weil groupWl of l, can
we compare the functional equation (1.5) with the one for Σ:
(1.6) LS(s,⊗I(Σ)) =
∏
v∈S
γ(s,⊗I(Σv),Ψv)L
S(1 − s,⊗I(Σ˜)).
The comparison is done term by term: the L-functions in (1.5) and (1.6) are the
same because Π corresponds to Σ, and the γ-factors at places in S distinct from
v0 are the same by the inductive argument alluded to above. Equality (1.3) for π
then follows.
Our way to produce corresponding Π and Σ is to start from the Weil group
side, with l/k chosen as mentioned above giving E/F at v0. The representation σ,
corresponding to π cuspidal, is irreducible, hence has finite image in the projective
linear group; this image is isomorphic to A4 or S4, or is dihedral. In each case,
we produce a representation Σ of Wl, yielding σ at the place v0, and with the
same image as σ in the projective linear group. By the strong Artin conjecture of
Langlands and Tunnell [35, 57], there is an automorphic cuspidal representation Π
of GL2(Al) corresponding to Σ, and we can proceed as sketched.
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2. LS method and GL(2)
For the moment, let F denote either a local field or a global one. We write p to
denote the characteristic of F , where we allow p to be either a prime p or 0. Fix p.
As mentioned in the introduction, we say that a connected reductive group G/F
is of GLn-kind if G is isomorphic to a product G1 × · · · ×Gt, where we have that
each Gi is a group ResEi/FGLni , ni ≤ n, obtained via restriction of scalars with
respect to a separable extension Ei over the base field F . Given an algebraic group
H defined over F , we write H = H(F ). We write ZH to denote the center of H.
We let H be an ambient group that is quasi-split connected reductive defined
over F , together with a subgroup L which is the Levi component of a maximal
parabolic subgroup P of H. Let N be the unipotent radical of P with Lie algebra
n. The Langlands-Shahidi method [51, 41], applies to a representation ρ which is
an irreducible component of the adjoint representation of LL on Ln. We work with
an extended version of these representations for groups G of GL2-kind.
An LS-representation r of LG is one obtained via a pair (H,L) of quasi-split
connected reductive groups and a representation ρ as above, together with a map
of L-groups Lι : LG → LL, inducing a separable isogeny on derived groups, and
such that r = ρ ◦ Lι.
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2.1. Notation. From § 2 to § 4 of the article, we let F denote a local field and k
a global one.
Let An(p) be the class of tuples (F, ψ,G, π, r) where F is a locally compact field
of characteristic p, ψ is a non-trivial additive character of F , a quasi-split reductive
group G of GLn-kind, π a smooth irreducible representation π of G = G(F ), and
r an LS-representation of LG. We say that a tuple (F, ψ,G, π, r) ∈ An is generic if
π is generic.
If π is a smooth irreducible representation of G, we can adapt Silberger’s reason-
ing [53], in order to show that π reduces in L to a sum of finitely many irreducibles.
Then, the Langlands-Shahidi method attaches a γ-factor
(2.1) γ(s, π, r, ψ) := γ(s, τ, r, ψ) for (F, ψ,G, π, ψ) ∈ A2(p),
where τ is the (unique) generic component of the restricition of π to L.
We also let A globn (p) be the class of tuples (k,Ψ,G,Π, r, S) where k is a global
field of characteristic p, Ψ a non-trivial character of Ak/k (note that Ψv is un-
ramified almost everywhere), G a quasi-split reductive group over k of GLn-kind,
Π a cuspidal automorphic representation of G(Ak) (we recall that such represen-
tations are globally generic), r is an LS-representation of LG, and S a finite set
of places of k containing the Archimedean ones, such that Gv, Πv and Ψv are
unramified for v /∈ S. Clearly such a tuple gives, for each place v of k, a local
tuple (kv,Ψv,Gv,Πv, rv) where rv is obtained by composing r with the natural
map LGv → LGk.
2.2. Properties of LS γ-factors.
(i) (Naturality). Let (F, ψ,G, π, r) ∈ A2(p) be generic. Let η : F ′ → F be an
isomorphism extending toG′ = G(F ′) ∼= G(F ) = G. Let (F ′, ψ′,G, π′, r) ∈
A2(p) be the tuple obtained via η. Then
γ(s, π, r, ψ) = γ(s, π′, r, ψ′).
(ii) (Isomorphism). Let (F, ψ,G, πj , r) ∈ A2(p), j = 1, 2, be generic. If π1 ∼=
π2, then
γ(s, π1, r, ψ) = γ(s, π2, r, ψ).
(iii) (Dependence on ψ). Let (F, ψ,G, π, r) ∈ A2(p) be generic. Given a ∈ F×,
let ψa : F → C× be the character given by ψa(x) = ψ(ax). Then there is
a rational character z : F× → ZG, a 7→ z(a) ∈ ZG, such that
γ(s, π, r, ψa) = ωpi(z(a)) |a|
dim(r)(s− 1
2
)
F · γ(s, π, r, ψ).
(iv) (Multiplicativity). Let (F, ψ,G, π, r) ∈ A2(p) be generic. Let P be a par-
abolic subgroup of G, with Levi subgroup M, and assume that π is the
unique generic component of
indGP ρ,
where ρ is a generic smooth representation of M . Then M is of GL2-kind,
the restriction of r to LM is a sum of LS representations rj , j ∈ J , and
γ(s, π, r, ψ) =
∏
j∈J
γ(s, ρ, rj, ψ).
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(v) (Compatibility at representations with Iwahori fixed vectors). Assume F is
non-archimedean and let (F, ψ,G, π, r) ∈ A2(p) be generic, such that π has
fixed vectors under Iwahori subgroups of G. Let φpi : W ′F →
LG be the
Langlands parameter corresponding to π. Then
γ(s, π, r, ψ) = γ(s, r ◦ φpi, ψ).
(vi) (Compatibility at archimedean places). Assume that F is Archimedean and
such that (F, ψ,G, π, r) ∈ A2(p) is generic. Let φpi : WF → LG be the
Langlands parameter corresponding to π. Then
γ(s, π, r, ψ) = γ(s, r ◦ φpi, ψ).
Compatibility at archimedean places is the subject of [49]. There is one global
property that connects the local theory of γ-factors with partial L-functions defined
by
LS(s,Π, r) =
∏
v/∈S
L(s,Πv, rv),
for (k,Ψ,G,Π, r, S) ∈ A2(p)glob.
(vii) (Functional equation). Let (k,Ψ,G,Π, r, S) ∈ A2(p)glob. Then
LS(s,Π, r) =
∏
v∈S
γ(s,Πv, r,Ψv)L
S(1− s, Π˜, r).
In [26] we adapt Theorem 3.5 of [51] and Theorem 4.1 of [41], which give the
existence and uniqueness of a system of γ-factors on A2(p) with Properties (i)–(vii).
2.3. Properties of the corresponding Galois γ-factors. Let (F, ψ,G, π, r) be
a local tuple, and let φpi be the L-parameter attached to π via the local Langlands
correspondence. Galois γ-factors γ(s, r ◦ φpi, ψ) possess the analogous properties
of naturality (i)G , and isomorphism (ii)G –in fact, when we talk about “the” L-
parameter attached to π, we rather mean its equivalence class. Dependence on ψ
is, on the outset, more precise than for γ(s, π, r, ψ):
(iii)G γ(s, r ◦ φpi, ψ
a) = det(r ◦ φpi)(a) |a|
dim(r)(s− 1
2
)
F · γ(s, r ◦ φpi, ψ),
where det(r ◦ φpi) is seen as a character of F× via class field theory. And, multi-
plicativity is exactly parallel to the same property for γ(s, π, r, ψ):
(iv)G With the hypothesis of Property (iv) of § 2.2, the L-parameter φpi factorizes
as φpi ◦ i, where i is the inclusion of LM into LG, and then
γ(s, r ◦ φpi , ψ) =
∏
j∈J
γ(s, rj ◦ φpi, ψ).
Properties (v) and (vi) of § 3.2 are already statements about equality between LS
and Galois γ-factors.
For the final property, we consider a global tuple (k,Ψ,G,Π, r, S), and we assume
that there is a global Weil group L-parameter
ΦΠ :Wk →
LG,
which corresponds to Π (at all places); it then satisfies the functional equation
(vii)G L
S(s, r ◦ ΦΠ) =
∏
v∈S
γ(s, r ◦ ΦΠv ,Ψv)L
S(1− s, r ◦ ΦΠ˜),
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where partial L-functions are given by
LS(s,ΦΠ, r) =
∏
v/∈S
L(s,ΦΠv , rv).
Our main point in the proof of Theorem 1.1 will be to ensure this assumption.
3. Proof of Theorem 1.1
3.1. In this section, we prove Theorem 1.1 for p = 0 in §§ 3.3–3.5, then for p > 0
in § 3.6. But first, we gather arguments which are the same in both situations. Let
F be non-archimedean, and G/F a connected reductive group of GL2-kind.
1) Let π be a smooth irreducible generic representation of G. Then there is a
parabolic subgroup P of G with Levi subgroupM and a smooth irreducible generic
supercuspidal representation ρ of M such that π is a component of IndGP (ρ). By
the multiplicativity properties, § 2.2(iv) and § 2.3(iv)G , if Theorem 1.1 is valid for
the tuples (F, ψ,M, ρ, rj), then it is valid for (F, ψ,G, π, r).
We shall thus reason by induction on nG = dimG − dimC, where C is the
maximal F -split torus in the center of G. If M is a proper Levi subgroup of G
then nG > nM , so to prove Theorem 1.1 we may assume that π is supercuspidal.
2)Choose a global field k with a place v and an isomorphism η of kv onto F . Assume
Theorem 1.1 is proved for tuples (F, ψ,G, π, r) such that ψ ◦ η is the component
at v of a character of Ak/k. Choose such a tuple, and a character Ψ of Ak/k with
Ψv = ψ ◦ η.
For b ∈ k×, ψη(b) ◦ η is the component at v of Ψb : x 7→ Ψ(bx), so we get by our
assumption
γ(s, π, r, ψη(b)) = γ(s, r ◦ φpi, ψ
η(b)).
Then, by applying § 2.2(iii) and § 2.3(iii)G , we conclude that
ωpi(z(η(b)) = det(r ◦ φpi)(η(b)),
for b ∈ k× and z : F× → ZG the rational character of § 2.2(iii). But both ωpi ◦ z
and det(r ◦ φpi) are continuous characters of F×. Since they are equal on η(k×),
which is dense in F×, they are equal. Thus, for all a ∈ F× we get
γ(s, π, r, ψa) = γ(s, r ◦ φpi, ψ
a).
3) To apply 2) we first need to lift our tuple (F, ψ,G, π, r) to a global one. The
following lemma (Lemma 3.6 of [19], Lemma 4.13 of [9]) will also be used later.
Lemma 3.1. Let E˜/F be a finite Galois extension. Then there exist a global field
k, a finite Galois extension l/k, with a place v0 of k, and an isomorphism η of kv0
onto of F inducing an isomorphism of kv0 ⊗k l onto E˜. In particular, l has only
one place w0 above v0 and the decomposition subgroup of Gal(l/k) at w0 is itself,
and identifies with Gal(E˜/F ) via η.
Remark 3.2. (i) Assume that F is a finite extension of Qp (hence p = 0). Applying
the above procedure to an E˜ which is Galois over Qp, we find a number field l with
only one place above p. (ii) When F has characteristic 2 (so p = 2), we shall in
fact use a stronger result of Gabber-Katz [29].
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Using Lemma 3.1, we can lift G/F and its LS representation r to a number field
k. Let us briefly provide the argument for this (it applies to a general situation,
not necessarily of GL2-kind [26]). Recall that r = ρ ◦ Lι has an underlying pair
of connected quasi-split reductive groups (H,L) defined over F , together with an
L-group homomorphism Lι : LG→ LL.
We choose a large enough finite Galois extension E˜ of F in F , such thatG,H and
L are split over E˜. The action ofWF on the based root data of the (pinned) groups
G, H, L factors through Gal(E˜/F ). Using the lemma we choose a number field k,
and extension l, getting at the place v0 an isomorphism of Gal(l/k) onto Gal(E˜/F );
in particular, we obtain based root data with an action of Gal(l/k), determining
(uniquely up to unique isomorphism) pinned groups Gk, Hk, Lk together with an
L-homomorphism Lιk : LGk → LLk. As the action of LL on Ln can be seen on the
root datum, ρ corresponds to an irreducible representation ρk of LLk and we put
rk = ρk ◦
Lιk. At the place v0, the isomorphism lv0 ≃ E˜ gives unique isomorphisms
of pinned groups Gk⊗kv0 ≃ G, compatible with the based root data, and similarly
for H and L. On the L-group side, if we choose a separable algebraic closure k¯ of
k containing l, we get an L-group LGk, and an embedding LG→ LGk at the place
v0, and similarly for LH and LL. Composing rk with the embedding LG → LGk,
we retrieve r back.
Of course, to only lift the group G/F of GL2-type, it is easier. Indeed, if G is
the product of ResEi/FGLni , then E˜ contains the Ei’s, and we can take Gk to be
the product of Resli/kGLni , where li is the sub-extension of l corresponding to Ei.
3.2. Before continuing, we shall need another well-known lemma. We include a
proof for the convenience of the reader, where we use the following notation for a
global field k: (i) if p = 0, interpret v ∈ {∞} to mean that v is an archimedean
place of k; (ii) if p > 0, we take ∞ to be a fixed place at infinity for k, v0 6=∞.
Lemma 3.3. Let k be a global field, v0 a finite place of k, λ a multiplicative
character of k×v0 . Then there exists a character χ = ⊗χv of Ak/k
× such that:
(i) χv0 ≃ λ;
(ii) χv is unramified for v /∈ {v0,∞};
(iii) if p > 0, then χ∞ is tame.
Proof. First let p = 0. For each finite place v of k, the group of units Uv of k×v is
compact and so is the product
U =
∏
v finite
Uv.
We have k× ∩ U = {1} in A×k , and k
×U is closed in A×k . The character of k
×U
which is trivial on k× and Uv for v 6= v0, and given by λ on Uv0 , extends to a
(unitary) character χ′ of A×k , trivial on k and Uv for v 6= v0, and χ
′
v0 differs from
λ by a power of the absolute value character of k×v0 . Modifying χ
′ accordingly by a
power of the absolute value idèle class character of A×k , we find the desired χ.
Now assume p > 0. For a place v of k, let U1v be the pro-p radical of Uv ⊂ k
×
v .
The groups
U ′ = U1∞ ×
∏
v/∈{v0,∞}
Uv and U = Uv0 × U
′
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are compact and we have a map Φ : U → k×\A×k , with ImΦ compact. Also,
KerΦ = {1}. Indeed, let x ∈ KerΦ, so that xv ∈ Uv for all places v of k. Then x
must be a constant function on the smooth projective curve X with function field
k. But, x∞ ∈ 1 + p∞, gives x∞ = 1. Hence, x = 1.
The character
λ|Uv0 ⊗ 1U ′ of U,
gives a character of ImΦ, which is a closed subgroup of k×\A×k . Then, we can
extend this character to one of k×\A×k , which we denote by χ
′. At kv0 , the character
χ′v0 ·λ
−1 is unramified, hence a power of the absolute value character of k×v0 . Twisting
back χ′ by a power of the absolute value idèle class character of A×k , we find the
desired χ. 
3.3. We now begin the proof when p = 0. So we let π be a supercuspidal repre-
sentation of G. As G is a product of GLni(Ei)’s, π is a tensor product of cuspidal
representations πi of GLni(Ei); if σi is the representation of WEi corresponding to
πi, there is an unramified character ηi such that ηiσi has finite image. It will be
convenient to choose the extension E˜ of F in Lemma 3.1 to contain, not only the
Ei’s, but also the fixed field of Ker (ηiσi). As explained above, Lemma 3.1 allows
us to choose a number field k and an extension l so that G/F and r lift to k. For
each i, we let li be the subfield of E˜ corresponding to Ei via the lemma. We shall
assume that ψ is the component at v0 of a character Ψ of k\Ak, which is enough
by § 3.1 2).
It remains to lift π appropriately to apply the reasoning sketched at the end
of the introduction for the Asai cube case. The point is to globalize each σi to a
representation Σi of Wli , which corresponds via the global Langlands correspon-
dence to a cuspidal automorphic representation Πi of GLni(Ali). We then get from
the Πi’s a cuspidal automorphic representation Π of Gk(Ak), and from the Σi’s a
corresponding global parameter ΦΣ : Wk → LGk. As indicated in § 1.8, we can
then write the two global functional equations (vii) and (vii)G for a large enough
finite set S of places of k. Provided we have equality of the factors on both sides
at places v ∈ S \ {v0}, we get equality at v0. Hence our desired equality (1.3).
3.4. Let us first treat the case where each σi of dimension 2 has dihedral image in
the projective linear group –note that if the residual characteristic p of F is odd,
we are necessarily in this dihedral situation [58]. There is then for each i such that
ni = dimσi = 2 a quadratic separable extension Di of Ei in F and a character χi
of D×i such that σi is induced from the character of WDi corresponding to χi via
class field theory. By our choice of E˜, k and l, there is a quadratic extension mi of
li in l giving Di/Ei at the place v0.
By Lemma 3.3 in char p = 0, we choose a character Xi of A×mi/m
×
i with compo-
nent χi at v0, and unramified at other finite places. We take for Σi the dimension
2 representation of Wli induced from Xi (or rather the character of Wmi corre-
sponding to it). For each i such that ni = dimσi = 1, we use Lemma 3.3 to
globalize σi to a character Σi of Wli , unramified at finite places different from v0.
By construction if ni = 1, and Jacquet-Langlands [28] if ni = 2, there is a cuspi-
dal automorphic representation Πi of GLni(Ali) corresponding to Σi via the global
Langlands correspondence. In this way, we get a cuspidal automorphic representa-
tion Π of Gk(Ak) and a global parameter ΦΠ :Wk → LGk corresponding to it via
the global Langlands correspondence, as globally assumed in § 2.3.
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At a finite place v 6= v0, Σi is either unramified (if ni = 1 for example) or
reducible, so that Πi.v is a principal series. In either case, the desired equality
holds at v by property (v) of § 2.2 or by the induction assumption of § 3.1 1). We
conclude that equality holds at v0 as well, which is what we wanted.
3.5. Let us now treat the case where F has residue characteristic 2 and some of
the σi’s of dimension 2 may have image in A4 or S4 in the projective linear group.
We use Remark 3.2 (i) and choose k (and l) to have only one place above 2.
For the indices i such that σi has dimension 1, we globalize as before, using
Lemma 3.3. For the indices i such that σi has dimension 2, as we have ensured, the
representation ηiσi of § 3.3 has finite image and factorizes through Gal(l/k), we get
a representation ofWli yielding ηiσi at the place v0, which we can twist by a power
of the absolute value character to obtain a representation Σi of Wli yielding σi at
the place v0. The image of Σi in the projective linear group is dihedral, A4 or S4 so
there is by [28, 35, 56] a corresponding cuspidal automorphic representation Πi of
GL2(Ali). Since finite places of li different from v0 have odd residue characteristic,
at such places Σi is either reducible or dihedral. We then proceed as before in
comparing two global functional equations for Σ and Π: at finite places of k in S
distinct from v0, equality holds because we already treated the dihedral case, or by
induction, and consequently it holds at v0 as well.
3.6. Case of p > 0. We use the same reasoning by induction as in the characteristic
zero case, so we can assume that π is cuspidal. If all of the ni’s are 1, then G is a
product of induced tori, and the result is known, more generally, for any torus [26].
So we can assume ni = 2 for at least one i.
As in the characteristic zero case of § 3.3, we choose a Galois extension E˜ of F
in F , using Lemma 3.1 to lift E˜/F to a global situation l/k. Following § 3.3, and
using the same notation, we obtain representations σi, πi. If for each i such that
ni = 2, σi has dihedral image in the projective linear group, we can use Lemma 3.3,
now in the characteristic p > 0 case.
Following § 3.4 in the case of dihedral image for each i, such that ni = 2, we
choose Di and χi. To Di corresponds in l a quadratic extension mi of li and we
extend χi to a character Xi of A×mi/m
×
i unramified outside v0 and some other place
v1, where it is tame. We choose v1 to be above a place of li split in mi. So at that
place of li, Σi (obtained by inducing from Xi) is reducible. The same reasoning as
in § 3.4 then yields the result. We have now proved our result for p > 2, since all
the σi’s of dimension 2 are dihedral.
If p = 2 and one σi of dimension 2 has image A4 or S4 in the projective lin-
ear group, we use the result of Gabber and Katz [29]. Namely, let F be a non-
archimedean local field of characteristic p, with residue field Fq. We let k = Fq(t),
and we choose an isomorphism F ≃ Fq((t)), so that F is the completion of k at 0.
Then our Galois extension E˜/F can be globalized (uniquely, as it turns out) to a
Galois extension l of k, unramified outside 0 and ∞, and tame at infinity. Now,
following § 3.5 we globalize σi to Σi, which is unramified outside of 0 and ∞ and
tame at infinity; in particular, if ni = 2, Σi is dihedral at ∞. Moreover, there
is a cuspidal automorphic representation Πi of GLni(li) corresponding to Σi, see
Tunnell [56]. We can then proceed as before, because at places other than 0 and
∞ we are in an unramified situation, whereas at ∞ we have already treated the
dihedral representations Σi,∞ of dimension 2. We can thus conclude equality at 0.
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Remark 3.4. The method of [13] would proceed a bit differently, rather producing
first a globalization Πi of πi which is (at most) tamely ramified at∞ and unramified
outside {0,∞}. Then invoking the proof by Drinfeld [12] of the global Langlands
conjecture for GL2 over li to get an (ℓ-adic) Galois representation Σi associated to
Πi.
4. Consequences
In this section we first draw consequences of the main equality, on twisting
with unramified characters first, and with highly ramified characters secondly, thus
proving stability. We then recall the definition of L-functions and ε-factors, and
we extend Theorem 1.1 from generic to general smooth irreducible representations
π. Compatibility with the local Langlands correspondence for L-functions and
ε-factors is an immediate corollary.
4.1. Twisting with characters. Let G be our (pinned) quasi-split reductive
group of GL2-kind defined over F . If G is the product of ResEi/FGLni , ni ≤ 2, a
character χ of G = G(F ) =
∏
iGLni(Ei) is a product χ =
∏
i χi ◦ det where each
χi is a character of E
×
i . Thus χ factorizes through the maximal quotient torus
Y of G, Y =
∏
i E
×
i =
∏
iYi(F ), where Yi = ResEi/FGm. Dually, there is an
embedding LY → LG with Ŷ going (isomorphically, in fact) to the center Z
Ĝ
of Ĝ.
If π is a smooth irreducible representation of G, twisting π by χ should corre-
spond, via the local Langlands correspondence, to multiplying φpi :WF → LG by a
map φχ : WF → ZĜ determined by χ via the recipe of [3]. And in fact it does: if
τi is a smooth irreducible representation of GLni(Ei) corresponding to a parameter
φτi : WEi → GLni(C), then twisting by τi by χi ◦ det corresponds to multiplying
φτi by the character ηi of WEi corresponding to χi via class field theory. The ηi’s
yield a parameter η :WF → LY = Ŷ ⋊WF and twisting π by χ indeed corresponds
to twisting φpi by the map given by the first component of η.
4.2. Unramified characters. The group HomF (G,Gm) is a finitely generated
free Z-module, and the group of unramified characters Xnr(G) is isomorphic to a
quotient of HomF (G,Gm) ⊗ C: if (χ1, . . . , χe) is a basis of HomF (G,Gm), then
χ1⊗ s1+ · · ·+χe ⊗ se corresponds to the unramified character g 7→
∏e
i=1 |χi(g)|
si
F .
Let r be an LS-representation of LG, obtained via a pair (H,L) with H semisim-
ple simply connected, and ι : L → G. Then HomF (L,Gm) has rank 1, and a
non-zero element is δ = det(AdL|n), where n is the Lie algebra of the unipotent
radical N of the standard parabolic subgroup P of G with Levi subgroup L. We
let δ˜ be the unramified character corresponding to δ ⊗ (1/ 〈δ, α∨〉) if P is obtained
by omitting the simple root α.
Now ι induces a morphism HomF (G,Gm) → HomF (L,Gm) and an analogous
morphism when tensoring with C, which we still write as composition with ι. If
χ is an unramified character of G, the corresponding unramified character χ ◦ ι of
L has the form δ˜s0 for s0 ∈ C well defined up to (2πi/ log qF )Z. From the known
property of unramified character twists for the LS-representation of LL yielding r,
Theorem 5.1 of [41], we get:
(viii) (Twists by unramified characters). Let (F, ψ,G, πi, r) ∈ A2(p) be generic.
Let χ be an unramified character of G, with χ ◦ ι = δ˜s0 , then
γ(s, π ⊗ χ, r, ψ) = γ(s+ s0, π, r, ψ).
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4.3. Highly ramified characters. We shall take highly ramified characters in the
following manner: we choose χ ∈ HomF (G,Gm) yielding a morphism G → F×,
and compose it with a character λ : F× → C×. The following property is a corollary
to Theorem 1.1.
(ix) (Stability). For i = 1 and 2, let (F, ψ,G, πi, r) ∈ A2(p) be generic and such
that their central characters are equal. Let χ ∈ HomF (G,Gm) be such
that χ ◦ ι 6= 0. Then for all sufficiently ramified characters λ : F× → C×:
γ(s, π1 ⊗ (λ ◦ χ), r, ψ) = γ(s, π2 ⊗ (λ ◦ χ), r, ψ).
Proof. We translate to the Weil group side, where a corresponding property has
been proved by Deligne-Henniart. More precisely, it follows from [11] that if σ1 and
σ2 are two representations of WF with the same dimension and determinant, then
for all sufficiently ramified characters η of WF , we have
γ(s, σ1 ⊗ η, ψ) = γ(s, σ2 ⊗ η, ψ).
If φpii : WF →
LG is the parameter of πi, the parameter for πi ⊗ (λ ◦ χ) is
φpii ·φλ◦χ where φλ◦χ is described in § 4.1: explicitly χ : G→ Gm yields an L-map
Lχ : LGm →
LG and Lχ(C×) is contained in the WF -fixed part of the center ZĜ
of Ĝ; φλ◦χ is the map WF → LG obtained by composing Lχ with the character
WF → C
× corresponding to λ via class field theory. Now r = ρ ◦ Lι where ρ is an
irreducible representation of LL and Lι : LG→ LL is dual to ι : L→ G.
Because ι induces an isogeny on derived subgroups Lι(ZĜ) is contained in the
center ZL̂ of L̂, and
Lι ◦ φλ◦χ is a character with values in Z
WF
L̂
. So that
(4.1) r(φpii · φλ◦χ) = [ρ ◦
Lι(φpii )] · ωρ(
Lι ◦ φλ◦χ),
where ωρ is the central character of ρ. The assumption on χ implies that ωρ(Lι◦Lχ)
is a non-trivial (algebraic) character of C×, and composing with sufficiently ramified
characters ofWF still gives sufficiently ramified characters. It remains to verify that
r(φpi1) and r(φpi2 ) have the same determinant: the above result of [11], then gives
the result.
To prove det r(φpi1 ) = det r(φpi2 ), we use a property of the local Langlands
correspondence: if π is a smooth irreducible representation of GLn(E) (where E
is a finite extension of F in F ) and φpi : WE → GLm(C) is its L-parameter, then
det ◦φpi : WE → C
× corresponds to the central character ωpi of π via class field
theory.
Write G =
∏
j Gj , where Gj = ResEj/FGLnj , nj ≤ 2, and accordingly πi =
⊗jπi,j , where πi,j is a smooth irreducible representation of Gj = GLnj (Ej). If
φi,j :WEj → GLnj (C) is the parameter of πi,j , then φpii :WF →
LG is obtained as
follows: we see φi,j as a morphism WEi →
LGLnj/Ej = GLnj (C)⋉WEj (given by
the identity on the second component), giving an induced morphism φ′i,j : WF →
LGj = Ĝj ⋉WF and φpi is the “product” of these morphisms in the sense that on
the second component Ĝ =
∏
j Ĝj it is the product of the φ
′
i,j . Now det ◦ r is a
WF -invariant algebraic character of Ĝ, which on each component comes from some
power of the determinant character GLnj (C). Thus det r(φpii ) is a character of
WF , where we can expand the determinant and find that it is given in an explicit
way by the characters det ◦φi,j of WEj , i.e., by the central characters ωpii,j . If
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ωpi1 = ωpi2 , then certainly we have ωpi1,j = ωpi2,j for each j, and consequently
det r(φpi1 ) = det r(φpi2 ). 
4.4. L-functions and ε-factors. We first recall how to obtain L-funtions and ε-
factors from γ-factors. And, with the same construction, we extend the definition
of γ-factors from generic to general smooth irreducible representations. We begin
by first recording the local functional equation for generic γ-factors, which follows
either from uniqueness or from Theorem 1.1 and the corresponding property for
Galois γ-factors.
(x) (Local functional equation). Let (F, ψ,G, πi, r) ∈ A2(p) be generic, then
γ(s, π, r, ψ)γ(1− s, π˜, r, ψ) = 1.
We say that (F, ψ,G, π, r) ∈ A2(p) is tempered if π is a tempered representation
of G. Observe that for G of GL2-kind, a tempered representation is also generic.
The following property is the tempered L-function conjecture, originally stated
in [51] and proved for Langlands-Shahidi L-functions in [18]. Furthermore, we
observe that for G of GL2-kind (even GLn-kind), given a tempered representation
π its L-parameter φpi is bounded. Then if τ is the generic component of the smooth
representation π ◦ ι of L, then φτ is also bounded. We thus obtain an alternative
proof of the tempered L-function conjecture for G of GL2-kind, which now follows
from the Galois side, in view of Theorem 1.1.
(xi) (Tempered L-functions). For (F, ψ,G, π, r) ∈ A2(p) tempered, let Ppi(t)
be the unique polynomial with Ppi(0) = 1 and such that Ppi(q
−s
F ) is the
numerator of γ(s, π, r, ψ). Then
L(s, π, r) =
1
Ppi(q
−s
F )
.
is holomorphic and non-zero for ℜ(s) > 0.
The above two properties lead us to the following well defined notion of ε-factors.
(xii) (Tempered ε-factors). Let (F, ψ,G, πi, r) ∈ A2(p) be tempered, then
ε(s, π, r, ψ) = γ(s, π, r, ψ)
L(s, π, r)
L(1− s, π˜, r)
is a monomial in q−sF .
If we start with a tempered (generic) representation, the dependence of the L-
factor is holomorphic when we twist by unramified characters of G. This allows
us to use the Langlands classification, which we now state, in order to address the
general case.
(xiv) (Langlands classification). Let (F, ψ,G, π, r) ∈ A2(p). Let P be a parabolic
subgroup of G, with Levi subgroup M, and such that π is the unique
quotient of
indGP ρ⊗ χ,
where ρ is a tempered representation ofM and χ is an unramified character
in the Langlands situation. Let φpi be the L-parameter attached to π via
the local Langlands correspondence; and, let φτ be the L-parameter of
τ = τ0 ⊗ χ. Then
φpi :W
′
F
φτ
−−→ LM −→ LG.
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It is via Langlands classification that we extend the definition of γ-factors from
generic to general smooth irreducible representations; in addition to passing from
tempered L-functions and ε-factors to the general setting. We observe that, while
we do obtain multiplicativity for γ-factors, we do not have multiplicativity of local
L-functions and root numbers in general. The construction of L-functions and
ε-factors from γ-factors follows the idea of Shahidi [51].
Now, let (F, ψ,G, π, r) ∈ A2(p) be tempered (hence generic). A tempered repre-
sentation π corresponds to a bounded L-parameter φpi, for which its L-function is
indeed given by the numerator of the corresponding Galois γ-factor. For tempered
representations, Galois γ-factors, L-functions and ε-factors behave well under all
unramified twists.
Given a general (F, ψ,G, π, r) ∈ A2(p), local Galois factors are compatible with
Langlands classification. We thus conclude the proof of Theorem 1.1 and obtain
the following corollary.
Corollary 4.1. Let (F, ψ,G, π, r) ∈ A2(p) and let φpi be the L-parameter such that
π ↔ φpi are related via the local Langlands correspondence. Then
γ(s, π, r, ψ) = γ(s, r ◦ φpi, ψ),
L(s, π, r) = L(s, r ◦ φpi),
ε(s, π, r, ψ) = ε(s, r ◦ φpi, ψ).
5. Asai cube representation
In this section we show in detail that the Asai cube factors can indeed be obtained
as LS-factors for a group of GL2-kind; applying Theorem 1.1 then gives (1.3). Let
F be a local field or a global one; we fix a separable algebraic closure F of F and
let WF be the Weil group of F/F . We are given a cubic separable extension E of
F in F , with Galois closure E˜, and we consider the group G = ResE/FGL2.
The L-group of G is the semi-direct product LG = GL2(C)J ⋊ WF , where
J = HomF (E, F¯ ) andWF acts onGL2(C)J via its natural action on J . The obvious
8-dimensional representation of GL2(C)J on ⊗j∈JC2 extends to a representation
⊗I of LG, where again WF acts on ⊗j∈JC2 by permuting the factors C2 via its
natural action on J . When E is a cubic extension of F in F¯ , we can consider the
Weil groupWE of F¯ over E as a subgroup of index 3 of WF , and ⊗I is obtained by
tensor induction from the representation of GL2(C)J ⋊WE , where GL2(C)J acts
via its j-component, andWE acts trivially. We call ⊗I the Asai cube representation
of LG.
5.1. All our reductive groups over F are quasi-split and pinned, i.e., equipped with
a Borel subgroup and a Levi subgroup (in fact, a torus) of that Borel subgroup, both
defined over F , and a WF -equivariant choice of isomorphisms of the root subgroup
corresponding to a simple root (over F ) with the additive group Ga [3]. For GL2,
we take the standard pinning and G is equipped with the induced one [loc. cit.].
To produce the γ-factor we need a (pinned) quasi-split reductive group H over
F , which we take semisimple simply connected of type D4, with triviality given by
E (see below). We consider the parabolic subgroup P of H (containing the fixed
Borel subgroup) obtained by omitting the central root of the Dynkin diagram, and
let L be its Levi subgroup containing the fixed maximal torus. We shall produce
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a morphism of pinned reductive groups ι : L → G defined over F and inducing a
central isogeny on the derived subgroups.
The pinning of H, gives a based root datum RH with an action of WF [3]
factoring through the Galois group of E˜ over F . Since RH with its action of WF
determines H up to unique isomorphism, we shall work only with RH (or rather
its dual root datum R∨H). Similarly ι induces a WF -equivariant morphism of based
root data ιR : RL →RG, by which ι is uniquely determined, so again we only need
describe ιR.
5.2. On the dual side, we choose a complex (pinned) reductive group Ĥ, with
based root datum the dual R∨H of RH ; the natural action of WF on R
∨
H produces
an L-group LH = Ĥ ⋉WF .
We let P̂ be the parabolic subgroup of Ĥ corresponding to P (and containing
the underlying Borel subgroup). We let L̂ be the Levi subgroup of P̂ containing
the underlying maximal torus T̂, and write N̂ for the unipotent radical of P̂. Then
L̂ has based root datum R∨L and the L-group
LL = Ĥ ⋉WF is a subgroup of LH ;
it acts naturally on the Lie algebra Ln of N̂, and it is that action that we use to
construct our γ-factors (see § 5.4 below –could define things in § 2).
5.3. We now specify RH explicitly. Although we rather work with the dual root
datum (X,Φ, X∨,Φ∨), where X is the group of characters of T̂ and Φ is the set
of roots of T̂ in Ĥ; the group X∨ is the group of cocharacters of T̂ and Φ∨ is the
set of coroots, equipped with a bijection α 7→ α∨ of Φ onto Φ∨. Finally, the group
WF acts linearly on X (via a finite quotient), and that action preserves Φ; the dual
action on X∨ preserves Φ∨, compatibly with the bijection α 7→ α∨.
Our group LH has type D4 and to describe its root datum we use the notation
of Bourbaki [4]. However, we prefer to separate the roles of X and X∨ (and not
identify them via some Killing form), so that we let X be the set of vectors in
V = R4 with integer coordinates adding to an even number; we write (e1, . . . , e4)
for the canonical basis of V , and choose α1 = e1−e2, α2 = e2−e3, α3 = e3−e4 and
α4 = e3+e4 as a basis of Φ. The vector space V ∨ dual to V has the basis (e∨1 , . . . , e
∨
4 )
dual to (e1, . . . , e4); the simple coroots are α∨1 = e
∨
1−e
∨
2 , α
∨
2 = e
∨
2−e
∨
3 , α
∨
3 = e
∨
3−e
∨
4
and α∨4 = e
∨
3 + e
∨
4 ; the lattice X
∨ in V ∨ is generated by 12 (e
∨
1 + e
∨
2 + e
∨
3 + e
∨
4 ) and
e∨2 , e
∨
3 , e
∨
4 .
Writing S for the group of permutations of {1, 3, 4}, we have a natural action of
S on V preserving X , fixing α2 and permuting α1, α3, α4 according to the indices.
•α1
•
α4
•
α3
• α2
Any group homomorphism WF → S then gives a group root datum with action
of WF , determining a pinned reductive groups H over F . If E is our fixed cubic
extension of F in F¯ , any identification of J = HomF (E, F¯ ) with {1, 3, 4} gives a
homomorphism WF → S producing the group LH we seek.
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Remark 5.1. If we start with a global field k and a cubic separable extension l of
k, we are producing groups H/k and LHk. If v is a place of k, the root datum for
the L-group LHkv of H⊗kkv is obtained from the root datum of
LHk by composing
the action of Wk with the homomorphismWkv →Wk coming from the completion
(such a homomorphism depends on an isomorphism of k¯ with the algebraic closure
of k in k¯v, but changing it changes LHkv to an isomorphic group). Note that even
if the homomorphism Wk → S is surjective, the local homomorphism Wkv → S
might not be. For example, at a split place v of a global cubic extension l/k we
have lv ≃ kv × kv × kv; the local homomorphismWkv → S is trivial. This explains
why we cannot restricted to the cases where E/F is always a cubic extension, and
why it is better to deal with a general situation of GL2-kind.
5.4. Adjoint representation. The roots of T̂ in L̂ are the roots in Φ which are
linear combinations of α1, α3, α4, whereas the roots of T̂ in Ln are the (positive)
roots in Φ where α2 appears with a positive coefficient. The adjoint representation
of L̂ on Ln has two irreducible components ri, i = 1, 2, and the corresponding
roots of T̂ are the roots in Φ where α2 appears with coefficient i. We use the
LS-representation of LG coming from r1 via a morphism ι : LG→ LL that we now
construct.
Now we relate LL and LG, and rA with ⊗I. With the chosen identification of J
with {1, 3, 4}, LG becomes GL2(C){1,3,4} ⋊WF ; let us describe the corresponding
root datum and relate it to the root datum for LL. For a root datum (Y,Ψ, Y ∨,Ψ∨)
for LG, we can take
Y = Y1 ⊕ Y2 ⊕ Y3 with Yi = Zei ⊕ Zfi,
where αi = ei − fi for i = 1, 3, 4 as simple roots; similarly
Y ∨ = Y ∨1 ⊕ Y
∨
2 ⊕ Y
∨
3 with Y
∨
i = Ze
∨
i ⊕ Zf
∨
i ,
where α∨i = e
∨
i − f
∨
i for i = 1, 3, 4 – the duality is the obvious one, and WF acts
via its action on {1, 3, 4}.
Consider the quotient LG of LG by the central subgroup made out of central
elements (x1, x3, x4) in GL2(C){1,3,4} such that x1x3x4 = 1; the corresponding root
datum is (Z,Ψ, Z¯∨,Ψ
∨
), where Z is the sublattice of Y of elements a1e1 + b1f1 +
a3e3 + b3d3 + a4e4 + b4f4 such that a1 + b1 = a3 + b3 = a4 + b4; then Z¯∨ is the
corresponding quotient of Y ∨ and Ψ
∨
is the image of Ψ∨ in Z¯∨. The action of WF
is, again, obtained via the action on {1, 3, 4}. One verifies immediately that the
root datum (Z,Ψ, Z¯∨,Ψ) is isomorphic to the one for LL by sending αi to αi, for
i = 1, 3, 4, and f1+f2+f3 to α2, so that dually α¯∨i in Z¯
∨ is sent to α∨i , for i = 1, 3,
4, wheras the image of e∨1 + f
∨
1 in Z¯
∨ (which is the same as the image of e∨2 + f
∨
2 or
e∨3 +f
∨
3 ), is sent to α
∨
1 +α
∨
3 +α
∨
4 −2α
∨
2 (so that e
∨
1 is sent to α
∨
1 −α
∨
2 +
1
2 (α
∨
3 +α
∨
4 )).
It follows that we can choose an isomorphism ϕ of LG onto LL, compatible with
the isomorphism of root data just described. Since the representation r of L̂ on Ln
has weights α2, α1+α2, α2+α3, α2+α4, α1+α2+α3, α1+α2+α4, α2+α3+α4,
α1+α2+α3+α4, we see that through Ĝ→ Ĝ→ L̂, r gives rise to the tensor product
representation of Ĝ = GL2(C){1,3,4}, {g1, g3, g4} 7→ g1⊗g3⊗g4. That identification
even extends to LG and its action via rA: indeed in the representation of LL on Ln
we can choose bases for the root subspaces so that the action of S (hence WF ) on
these vectors is given by its action on the roots via the permutation of {1, 3, 4}. It
is then clear that via LG→ LL, r1 does indeed give ⊗I.
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5.5. Remark. It appears to be impossible to construct a quasi-split group H′ over
F , with a Levi subgroup L′ isomorphic to G and giving rise to the representation
r by the LS method; this is where the extra datum of ι : L→ G is important. We
study this issue in detail in [26].
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